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Exercise 1. Let f € X'. Since {z,,},y converges weakly to zo., we have f(z,) — f(2s). Therefore,
n—r oo

for all € > 0, there exists N € N such that for all n > N, we have |f(x,) — f(2)| < &. Therefore, we get
by linearity for all m > N
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Since {||zn x },cy s Pounded (as {zn}, oy converges weakly), we deduce that
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As the result is true for all ¢ > 0, the weak convergence follows.
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Exercise 2. We have for all 1 < p < oo

2m(kt1) n—1 ox(k+1) 2
/ | sin(nz)[Pdx = Z/ |sin(nz)[Pdx = Z/ | sin(y)|Pdy = / | sin(y)|Pdy > 0
0 27 0

by 2m-periodicity. Therefore, the sequence never converges to 0 strongly. The weak converge follows
from the Riemann-Lebesgue theorem. Assuming without loss of generality that ¢ € C°(]0, 27[), we get
foralln>1

[ vtwysntuerta = [0 4 L[ o) contrar

0 n

_1 /027T ¢’ (x) cos(nz)dz.

n

Therefore, we get

1 27‘!‘ ,
< = | (z)|de — .
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The general case follows by density of C2°(]0, 2x[) in LP(]0, 27[) for 1 < p < 0.

/027T o(z) sin(nz)dz

Exercise 3. 1. Let ¢ € L*>°(£). We have

/(unvnfuoovm)gadx:/un(vnfvoo)gad:ch/(unfuoo)voogadx.
Q Q Q

As up, — e, the sequence {||un||L,,(Q)} C R is bounded, i.e., there exists C' < oo such
n—00 neN

that [[uplps o) < C for all n € N. Therefore, Holder’s inequality implies that

< H‘PHLOO(Q) ||un||Lp(Q) [[vn — U”LP () <C H‘PHLOO(Q) [[vn — Vool Lo « , —> 0.

/ Up (Vp — Voo ) p d
Q

Since U, — s — 0, we deduce as v, @ € LPI(Q) that
n—oo

lim (U — Uso) Voo pdx = 0
n—oo Q

and the proof is complete. For the counter-example, take u,(x) = v,(x) = sin(nz) and use the
previous exercise (or the Riemann-Lebesgue lemma).
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2. We have

/|un7uoo|2dx:/uidz72/unuoodvar/uz.
Q Q Q Q

By assumption, we have

/ uide — u?dz.
Q

n— 00 O

On the other hand, we get by the weak convergence

UpUoodl — wldx
Q n—oo Q

and the proof is complete.

€ LP(2) such that
f and the proof is

fn — f weakly. Then, since both limits coincide, we deduce that f

n—oo
complete.

Exercise 4. 1. Thanks to Banach-Alaoglu-Bourbaki theorem, there exists f

2. By Egorov’s theorem, for all € > 0, there exists A C Q such that |A| < ¢ and f,, — f uniformly
n—oo
in 2\ A. Write

19 — ar Il
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< fo = FllE ey 1+ 1 = fllE gy 1A
—4
<|fn— f||ioc(Q\A) Q]+ Ce' 7w,

where we used that {|| anLp(Q)} is bounded due to the weak convergence.
neN

Remarquek 1. One can also proceed by truncating the function.
Exercise 5. 1. By homogeneity, it suffices to show that

[t + 17 — [¢P — 1]
—1<t<1 [t[P~=t + |¢]

< 00,
but this holds trivially.
2. We have
fal? = for = 1P = 1FIPL < C (1 = FIPLFL + | = FIFIPTY).

By the previous exercise, we have |f, — f| — 0 weakly in L? and |f,, — f|P~! — 0 weakly in
n—oo n—oo

L*", which shows that

/ [1Fal? = 0 = 17 = 1117 |do < 0/ (1Fn = FIPIF 4 1 = FUFIPY) d = 0.
Q Q

The identity follows.

Indeed, the previous question shows that

[ 1sa=tiae == [ (e + [ 5 =1 = 7Yz = =11+ [ 1170 =0



